We study the possibility of removing the cyclic prefix (CP) overhead from orthogonal frequency division multiplexing (OFDM) in massive multiple-input multipleoutput (MIMO) systems. We consider the uplink transmission, while our results are applicable to the downlink as well. The absence of CP increases the spectral efficiency in expense of intersymbol interference and intercarrier interference. It is known that in massive MIMO, the effects of uncorrelated noise and multiuser interference vanish as the number of base station antennas tends to infinity. To investigate if the channel distortions in the absence of CP fade away, we study the performance of the standard maximum ratio combining receiver. Our analysis reveals that in this receiver, there always remains some residual interference leading to saturation of signal-to-interference-plusnoise ratio. To resolve this problem, we propose using the time reversal (TR) technique. Moreover, in order to further reduce the multiuser interference, we propose a zero-forcing equalization to be deployed after the TR combining. We compare the achievable rate of the proposed system with that of the conventional CP-OFDM. We show that in realistic channels, a higher spectral efficiency is achieved by removing the CP from OFDM, while reducing the computational complexity.
In the massive MIMO context, orthogonal frequency division multiplexing (OFDM) with cyclic prefix (CP) is particularly attractive because it enables the conversion of the frequency-selective channels between each mobile terminal (MT) antenna and the BS antennas into a set of flatfading channels over each subcarrier band. Therefore, the MT data streams can be distinguished from each other through the respective channel responses. Hence, most of the literature deals with massive MIMO while utilizing OFDM with CP (CP-OFDM) [2] , [4] [5] [6] . However, the CP duration adds an extra overhead to the network and reduces the spectral efficiency. Therefore, in order to increase the transmission rate, it is desirable to eliminate the CP duration from OFDM. However, this comes at the expense of intersymbol interference (ISI) and intercarrier interference (ICI), imposed by the multipath channel. Here, it is worth mentioning that in massive MIMO, the effects of uncorrelated noise as well as various types of interference/imperfections such as multiuser interference (MUI), imperfect channel state information, hardware imperfections, phase noise, etc., will vanish as the number of BS antennas grows large [4] , [6] [7] [8] . Therefore, the core question at the heart of this paper is:
"Can massive MIMO average out the ISI and ICI introduced by the multipath channel in OFDM without CP?"
There are a number of methods in the literature tackling the ISI and ICI problem of OFDM with insufficient CP, [9] [10] [11] [12] [13] . References [9] and [10] suggest to remove the effect of ICI and ISI by utilizing the previously detected symbols and using successive interference cancellation (SIC). In [11] and [12] , a MIMO-OFDM scenario is considered, and iterative interference cancellation using turbo equalization is proposed. The authors in [13] propose an interference cancellation algorithm based on some structural properties obtained from shifting the received OFDM blocks. We note that the above methods are designed for the conventional OFDM (or MIMO-OFDM) scenarios, and do not take advantage of the excessive number of BS antennas in a massive MIMO setup. In [14] , the authors consider the conventional frequency-domain combining methods and deploy computer simulations to show that the CP duration can be shortened to achieve a higher spectral efficiency in a massive MIMO system. However, no detailed mathematical analysis of the proposed approach is presented.
In this paper, to investigate if the channel distortions (i.e., ISI and ICI) in the absence of CP fade away as the number of BS antennas grows large, we first study the performance of the conventional frequency-domain combining methods, such as maximum ratio combining (MRC), zero forcing (ZF), 1536 -1276 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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and minimum mean square error (MMSE) detectors, [6] . We mathematically analyze the signal-to-interference-plusnoise ratio (SINR) performance of the above detectors when the CP is removed from the OFDM signal. Our SINR analysis reveals that when the above combining methods are applied, the channel distortions arising from the absence of CP, i.e., ISI and ICI, do not average out as the number of BS antennas tends to infinity. Thus, SINR saturates at a certain deterministic level and arbitrarily large SINR values cannot be achieved by increasing the BS array size.
To resolve the saturation issue, we propose to use a technique known as time reversal (TR) to combine/precode the signals of different BS antennas in the time domain instead of the frequency domain. This technique is based on a pivotal phenomenon in physics that harnesses the principle of channel reciprocity and multipath effects to concentrate the signal energy at a certain point in space (spatial focusing) and compress the channel impulse response in the time domain (temporal focusing). This spatial-temporal focusing effect mitigates the ISI, ICI, and MUI, [15] . Time reversal has been extensively studied and utilized in underwater acoustic channels, e.g., [16] [17] [18] [19] . In [20] and [21] , the authors utilize the temporal focusing property of TR and propose a CP length design method to satisfy specific performance requirements in underwater acoustic channels. The authors, consequently, balance the trade-off between the CP length and the resulting interference due to the residual ISI and ICI imposed by the insufficient length of CP. The scope of [20] and [21] is limited to small-scale underwater acoustic networks without any consideration of multiuser scenarios. Recently, there has been an emerging interest in the application of TR for the future generation of wireless networks, [22] . Moreover, the application of TR to massive MIMO in the context of single-carrier transmission has been studied extensively, e.g., [8] , [23] , [24] . Application of TR to CP-OFDM has been studied in [25] [26] [27] , where the authors consider a single-user massive MIMO scenario and show that TR can be applied to a CP-OFDM system either in the time or in the frequency domain. Moreover, the authors show that TR allows the CP length to be reduced thanks to its spatial-temporal focusing property.
As it is shown in [23] for the case of single-carrier transmission, with the TR technique, the channel distortions tend to zero as the number of BS antennas goes to infinity. We show that this result is also applicable to the case of OFDM without CP transmission. Thus, arbitrarily large SINR values can be achieved by increasing the BS array size. However, as we show in this paper, the performance of the conventional TR is limited due to the excessive amount of MUI when the number of BS antennas is finite. We show that OFDM allows for a straightforward zero-forcing equalization to be utilized after the TR combining. With this approach, the MUI level is significantly reduced and larger SINR values can be achieved compared to the conventional TR method, while the SINR saturation problem is also avoided. Throughout the paper, we refer to the conventional TR technique as TR-MRC, while the proposed TR-based method with additional ZF equalization is referred to as TR-ZF.
It is worth mentioning that in a typical communication system, a time period with duration equal to the coherence time of the channel is divided into two intervals: (i) training period, and (ii) data transmission period. In this paper, we only focus on the data transmission period and consider removing the CP overhead during this period. Throughout the paper, we consider perfect knowledge of the channel state information (CSI) at the BS and assume that the CP is included in the course of training to establish the carrier frequency and timing synchronization and obtain an accurate CSI. Studying the problem of CP removal/shortening during the training interval in the context of massive MIMO remains for the future study.
Also, in this paper, we focus on the uplink transmission, but the results and algorithms are trivially applicable to the downlink as well. We analytically derive the SINR performance of the TR-MRC receiver as well as our proposed TR-ZF technique. Based on our SINR derivations, we obtain a lower bound on the achievable information rate for both the TR-MRC and TR-ZF receivers. We show that higher spectral efficiency can be achieved using OFDM without CP as compared to CP-OFDM. More specifically, we show that using TR-MRC and TR-ZF techniques in OFDM without CP, higher information rate is achievable as compared to the case of CP-OFDM with the conventional MRC and ZF detection methods, respectively. Furthermore, we analyze the computational complexity of both TR-MRC and TR-ZF methods and introduce computationally efficient ways to implement them. We show that while the complexity of TR-MRC is almost similar to the frequency-domain MRC, a significantly lower complexity is obtained when utilizing the TR-ZF equalizer as compared to the conventional ZF detector.
To summarize, we list the contributions of this paper as follows:
• To increase the spectral efficiency of massive MIMO systems, we show that the CP overhead can be successfully eliminated. This is a result of the coherent combining of the received signals at the BS antennas that yields the channel distortions to disappear as the BS array size increases. • We show that in the absence of the CP, the SINR performance of the conventional frequency-domain combining methods, i.e., MRC, ZF, and MMSE, saturates at a certain deterministic level. Hence, arbitrarily large SINR values cannot be achieved by increasing the array size at the BS. • We propose to use the TR technique to resolve the above saturation problem. • Although the conventional TR technique can achieve reasonable SINR values and is a viable option in many scenarios, it suffers from a high level of MUI in multiuser cases. We propose a novel ZF equalization technique to be applied after the TR operation to reduce the MUI level. • We introduce efficient methods to minimize the computational cost of both TR-MRC and TR-ZF receivers. We also compare the complexity of the proposed receiver structures with that of the conventional CP-OFDM with MRC and ZF detectors.
• We perform a thorough analysis and obtain closed-form expressions for the SINR and achievable rate performance of both TR-MRC and TR-ZF receivers. The rest of the paper is organized as follows. After presenting the system model in Section II, we discuss the saturation problem of the conventional frequency-domain combiners that arises in the absence of CP in Section III. The TR technique is introduced as a remedy to this problem in Section IV, where we also propose a novel ZF post-equalization to further reduce the MUI. In Section V, we present a complexity analysis of the receiver structures that are introduced in this paper, and compare them with that of the conventional CP-OFDM. The asymptotic performance, in terms of SINR and achievable rate, of the TR-MRC and the proposed TR-ZF receivers is analyzed in Section VI. Our discussions in this paper are numerically evaluated in Section VII. Finally, we conclude the paper in Section VIII.
Notations: Matrices, vectors and scalar quantities are denoted by boldface uppercase, boldface lowercase, and normal letters, respectively.
[A] mn represents the element in the m th row and n th column of A and A −1 signifies the inverse of A. I M is the identity matrix of size M × M, and 0 M×N is the zero matrix of size M × N. The matrix trace operation is denoted by tr{·}. D = diag{a} represents a diagonal matrix whose diagonal elements are formed by the elements of the vector a. The superscripts (·) T , (·) H and (·) * indicate transpose, conjugate transpose, and conjugate operations, respectively. The linear convolution is denoted by . E{·} denotes the expected value of a random variable. The notation CN (0, σ 2 ) represents the circularly-symmetric and zero-mean complex normal distribution with the variance of σ 2 . Throughout the paper, frequency-domain variables are signified by over-bar accent.
II. SYSTEM MODEL
We consider a large-scale multiuser MIMO system similar to the one discussed in [2] . For the sake of simplicity, only a single-cell scenario is considered. Also, in this paper, only the case of uplink transmission is discussed but the results and algorithms are trivially applicable to the case of downlink transmission as well. We consider K mobile terminals that are simultaneously communicating with a BS which is equipped with an array of M antenna elements. Each MT is a singleantenna device. In this paper, we consider an asymptotic regime where the number of BS antennas M tends to infinity.
We consider a discrete-time model for our analysis. A similar model is also considered in [9] [10] [11] [12] to study OFDM without CP or with insufficient CP. Let x k (l) represent the transmit signal of k th terminal in discrete time. Thus, the received signal at the m th BS antenna can be obtained as
where ν m ( ) is the complex additive white Gaussian noise (AWGN) at the input of m th BS antenna, and is distributed according to ν m ( ) ∼ CN (0, σ 2 ν ), where σ ν 2 is the noise variance. The sequence h m,k ( ) represents the channel impulse response (CIR) between terminal k and BS antenna m. Throughout this paper, we assume that the BS has a perfect knowledge of the CSI. The channel impulse responses are modeled as time-invariant filters with the length of L, and independent channel responses are assumed between each MT antenna and the BS antennas. The multipath channel tap h m,k ( ), for ∈ {0, 1, . . . , L − 1}, follows the CN (0, ρ( )) distribution, and different taps are assumed to be independent with each other. Here, ρ( ) represents the power delay profile (PDP) of the channel model. Throughout this paper, normalized channel PDP is considered, i.e.
We also assume that the average power of the signal transmitted by each MT is equal to one, i.e., E{|x k ( )| 2 } = 1. Accordingly, 1/σ 2 ν is the average signal-to-noise ratio (SNR) at the BS input.
In this paper, we assume OFDM modulation is used for data transmission with the total number of N subcarriers. To increase the bandwidth efficiency, we do not insert CP/guard interval between the successive OFDM symbols. Therefore, the i th OFDM symbol of terminal k can be obtained as
] T is the transmit data vector of terminal k on symbol time index i . The elements of d k,i are independent and identically distributed (i.i.d.) zero-mean complex random variables with the variance of unity. Assuming that the number of transmitted OFDM symbols is Q, the vector of transmit signal of k th terminal, x k , is obtained by concatenation of different OFDM symbols, i.e.,
III. FREQUENCY-DOMAIN COMBINING APPROACH
Conventionally, in CP-OFDM systems, MRC, ZF and MMSE combiners are applied in the frequency domain. With such a setup and in a large-scale multiuser MIMO scenario, the multiuser interference and noise effects average out as the number of BS antennas tends to infinity, [2] . Hence, SINR increases without any bound as the number of BS antennas increases. In the case of interest to this paper, i.e., in the absence of CP, SINR saturation occurs, and thus, arbitrary large information rates cannot be achieved by increasing the BS antennas. In this section, we dig into the mathematical details that explain this limitation of the conventional frequency-domain combiners when applied to the OFDM without CP signal. In the next section, we introduce the TR combining as a remedy to this problem.
Let us consider the equalization of the i th OFDM symbol. To this end, we form the N × 1 vector r m,i = [r m (i N), . . . , r m (i N + N −1)] T by considering the i th segment of the signal r m ( ), and follow [9] [10] [11] [12] to express (1) in the matrix form as
where, H 
with L − 1 samples in the beginning of the symbol i and the channel affected symbol i , respectively. The vector ν m,i includes N samples of the AWGN signal ν m ( ) at the position of symbol i . Next, the received signals at different BS antennas are passed through OFDM demodulators (DFT blocks), and then, the outputs of the DFT blocks across different BS antennas are combined using the frequency-domain channel coefficients between the terminals and BS antennas. To cast this procedure into a mathematical formulation and pave the way for our analysis, we obtain the output of the OFDM demodulator at BS antenna m as
where the bar symbol inr m,i andν m,i is to indicate that they are in the frequency domain. Similarly, the matrices H
m,k F H N are the frequencydomain intersymbol and intercarrier interference matrices, respectively. Note that in the case of CP-OFDM transmission, H
m,k is a diagonal matrix with the diagonal entries given by the frequency-domain channel coefficients, i.e., H T contain the p th outputs of the DFT blocks at different BS antennas. Accordingly, the output of the combiner can be obtained aŝ
contains the detected symbols of all terminals at subcarrier p and time index i . We consider three conventional linear combiners, namely, MRC, ZF and MMSE. For these combiners, we have
for ZF,
where H p is the M × K matrix of frequency-domain channel coefficients for the p th subcarrier, i.e., H p mk =h m,k ( p)
In the case of MRC, D p is a K × K diagonal matrix whose diagonal elements are formed by the diagonal elements of H H p H p . The role of D p is just to normalize the amplitude of the MRC output. Without this term, the amplitude grows linearly without a bound as the number of BS antennas increases.
We note that for large number of BS antennas M and using the law of large numbers, 1 M H H p H p tends to I K , [6] . Similarly, the matrix 1 M D p tends to I K as the number of BS antennas increases. In light of this observation, in the following, to find the various interference terms in the large-antenna regime, we consider W W W p = 1 M H p . Following (4) and (5), the detected symbold k,i ( p) can be expressed aŝ
where the interference coefficients H (i,i−1) kj, pq and H (i,i) kj, pq determine the amount of the interference from symbols d j,i−1 (q) and d j,i (q), respectively, on the detected symbold k,i ( p). These interference coefficients capture the effects of the combiner gains together with the ICI and ISI coefficients in (4) . Mathematically, we can calculate H
is the k th column of the matrix H p containing the frequency-domain channel coefficients between terminal k and different BS antennas.
Before we proceed, we review some results from probability theory. Let a = [a 1 , . . . , a n ] T and b = [b 1 , . . . , b n ] T be two random vectors each containing i.i.d. elements. Furthermore, assume that i th elements of a and b are correlated according to E a * i b i = C ab , i = 1, . . . , n. Then, according to the law of large numbers, the sample mean 1 n a H b = 1 n n i=1 a i b i converges almost surely to the distribution mean C ab as n tends to infinity, i.e.,
with almost sure convergence.
Using the law of large numbers, the interference coefficients given in (8) converge almost surely to the following values as the number of BS antennas M tends to infinity.
Note that the asymptotic values in (10a) and (10b) are the statistical correlation of the combiner tap valueh m,k ( p) with the interference components H
respectively.
In the Appendix, we have simplified the expressions in (10) . The result is that as M grows large, the coefficients H (i,i) kj, pq and H
for k = j tend to zero. Accordingly, the MUI term in (7) fades away asymptotically. On the other hand, the ICI and ISI terms remain as specified according to the following coefficients:
, (for p = q), (11b)
Proposition 1: In the absence of CP and with the conventional MRC, ZF, or MMSE combiners, as the number of BS antennas tends to infinity, SINR for each terminal converges almost surely to
Hence, SINR saturation occurs and arbitrary large SINR values cannot be achieved by increasing the number of BS antennas. Proof: As the number of BS antennas M tends to infinity, the coefficients H
kj, pq for k = j tend to zero; see the Appendix. Hence, the contribution of multiuser interference becomes negligible. A similar argument can be developed for the noise contribution. Thus, the SINR of terminal k at subcarrier p is determined based on the ICI and ISI terms and can be calculated as
This reduces to (12) , following (11a) through (11d) and noting that the asymptotic SINR value is equal for all terminals and all subcarriers. We note that although the analysis in this section was based on the OFDM without CP, one can follow a similar line of derivations to show that, in general, when insufficient CP lengths are utilized, the SINR saturation problem occurs.
IV. TIME-REVERSAL AND EQUALIZATION
As it was shown in the previous section, when CP is removed from the OFDM signal, the conventional frequencydomain combining methods lead to some residual ICI and ISI components that will not fade away even with infinite number of BS antennas. Consequently, SINR saturates at a certain deterministic level. In order to resolve this problem, in this section, we propose to use TR to combine the signals of different BS antennas in the time domain instead of the frequency domain. As it is shown in [23] for the case of single-carrier transmission, with TR combining, intersymbol interference and multiuser interference tend to zero as the number of BS antennas goes to infinity. Thus, arbitrarily large SINR values can be achieved by increasing the BS array size. However, as we show in this paper, performance of the conventional TR combining is rather limited due to the excessive amount of multiuser interference when the number of BS antennas is finite. We show that OFDM allows for a straightforward zero-forcing equalization to be utilized after the TR combining. With this approach, the MUI level is significantly reduced and larger SINR values can be achieved compared to the conventional TR method, while the saturation problem is also resolved. A more detailed discussion on the TR-MRC and TR-ZF receivers is presented in the following subsections.
A. TR-MRC
In TR-MRC, for a given terminal, e.g. k th terminal, the received signals at the BS antennas are first prefiltered with the time-reversed and conjugated versions of the CIRs between that terminal and the corresponding BS antennas. Then, the resulting signals are combined with each other. Using (1) , this procedure can be mathematically written as
where
is the equivalent CIR after the TR operation. In particular, g kj ( ), for j = k, is the cross-talk CIR between the terminals k and j , and g kk ( ) is the time-reversal equivalent CIR of terminal k. Also, ν TR k ( )
is the noise contribution after the TR operation.
Here, we focus on the equalization of the i th OFDM symbol. Hence, let the N ×1 vector r TR k,i = [r TR k (i N), . . . , r TR k (i N+N − 1)] T contain the i th segment of the signal r TR k ( ). Accordingly, (14) can be expressed in a matrix form as
where the vector ν TR k,i includes N samples of the AWGN signal ν TR k ( ) at the position of symbol i . The matrices G
are N × N convolution matrices comprising the ISI components due to the tail of the symbol i − 1, the ICI components within the symbol i and the ISI components originating from the beginning of the symbol i +1, respectively. The matrices G (i,i−1) kj and G (i,i) kj can be defined in a similar way as in (3a) and (3b), respectively. Here, we use the following compact notation:
where, g kj g kj (1 − L) , . . . , g kj (L − 1) T contains the samples of the TR channel impulse response g kj ( ). Applying an N-point DFT block to r TR k,i , we obtain the following frequency-domain signal.
kj, pq as the elements pq of the matrices G
, respectively. Hence,r TR k,i ( p) can be expressed as in (19) , shown on the top of the next page. In Section VI, we analyze the interference terms given in (19) and show that in this case, the SINR will grow without a bound as M grows large. Consequently, the SINR saturation problem is resolved through deployment of TR-MRC.
B. ZF Post-Equalization (TR-ZF)
As mentioned in Section IV-A, the SINR saturation problem is resolved through deployment of TR-MRC. Hence, as the number of BS antennas grows large, the power of different interference terms tends to zero and arbitrarily large SINR values can be achieved. However, for finite number of BS antennas, this receiver suffers from a significant amount of interference in multiuser networks. This is mainly due to the interference originating from the symbols of different terminals transmitted on the same time and frequency slots. To gain a better intuition, we note that the TR-MRC receiver can be analogous to the MRC receiver used in CP-OFDM systems. The MRC receiver is simple and allows for arbitrarily large SINR values in CP-OFDM systems by increasing the number of BS antennas. However, multiuser interference is an important issue in MRC. Therefore, to tackle the multiuser interference and improve the SINR, the ZF detector can be utilized. In light of this discussion, in the following, we consider the time-reversal technique and aim at designing an additional ZF step to reduce the residual interference in TR-MRC.
We utilize the structure of OFDM to design a multiuser equalizer after time-reversal. In particular, we consider each subcarrier individually, and apply a zero-forcing matrix to eliminate the interference coming from different terminals. To pave the way for the development of a zero-forcing matrix, we consider a given subcarrier p, and reformulate (19) 
kj, pq . Following the above definitions, we can rearrange (19) as
where,
. We note that the term G G G (i,i) pp d i ( p) contains the desired signals as well as the interference from symbols of different terminals transmitted in the same time/frequency slot as the time/frequency of interest, i.e, i and p. More specifically, the diagonal elements of G G G (i,i) pp correspond to the desired signal terms and the off-diagonal elements correspond to the interference terms. This interference is significant and is a source of performance degradation in multiuser scenarios. Hence, we propose to utilize the following ZF equalizer to remove the interference corresponding to the off-diagonal elements
This additional equalization step leads to a substantial SINR performance improvement compared to the conventional TR-MRC. This is theoretically and numerically evaluated in Sections VI and VII, respectively. Fig. 1 illustrates the baseband system implementation of the TR combining with the proposed ZF post-equalization.
V. EFFICIENT IMPLEMENTATION AND COMPLEXITY ANALYSIS
In this section, we study the computational complexity of the TR-MRC and TR-ZF receivers and compare the results with those of the conventional MRC and ZF methods utilized in CP-OFDM. The proposed receiver structures can be divided into two parts: (i) the TR part, and (ii) the post-equalization part. We discuss actions that should be taken to minimize the complexity of each part.
According to (14) , the TR part consists of a set of FIR filters whose complexity depends on the channel impulse responses between the BS antennas and the MTs. In particular, if the respective CIRs are sparse, i.e., are characterized by a small number of multipath components, one can directly implement the TR part in the time domain. However, in general, the direct implementation of (14) may be computationally intensive in a wide-band OFDM transmission scenario, as the number of channel taps can be large.
Fortunately, the above issue can be resolved by utilizing the fast-convolution techniques such as overlap-add and overlap-save, [28] . Thus, the TR convolutions in (14) are implemented efficiently in the frequency domain using the fast Fourier transform (FFT) algorithm. In the overlap-add and overlap-save methods, the processing is performed on a block-by-block basis, where each block is of lengthÑ and is constructed from the samples of the input signal r m (l). Here,Ñ is a design parameter and is usually selected from the range 4L ≤Ñ ≤ 8L to minimize the computational cost. Accordingly, anÑ -point FFT is applied to each block to obtain the frequency-domain samples of the input signal. Then, these samples are multiplied with the respective frequency-domain channel coefficients. At this point, in order to minimize the number of required inverse FFT (IFFT) blocks, we can combine the signals corresponding to different BS antennas directly in the frequency domain, and then, apply a single IFFT block to the resulting signal to obtain the samples of r TR k ( ). The above procedure significantly reduces the computational cost of the TR operation.
We now focus on the implementation of the second part, i.e., post-equalization. Direct calculation of the matrices involved in the ZF post-equalization introduced in Section IV-B imposes a substantial amount of computational burden to the system. In particular, considering a given subcarrier p, the matrix G G G (i,i) pp should be computed to perform the ZF equalization according to (21) . The element G G G
is equal to the the p th diagonal element of G (i,i) kj . Therefore, the direct approach requires the computation of the p th diagonal elements of the matrices G
This involves a great number of calculations especially when the number of subcarriers is large. In particular, the number of complex multiplications using the direct method for all the subcarriers has a complexity that is of order K 2 N 3 . We denote this complexity by O (K 2 N 3 ) . Clearly, the direct method becomes computationally very expensive when N is large. Fortunately, this issue can be resolved through the method that we introduce in the following.
According to the expression G (i,i)
Therefore, one can obtain the element G (i,i) kj, pp as a linear combination of the samples of the equivalent CIR g kj ( ), i.e., G (i,i) kj, pp = L−1 =−L+1 β g kj ( ), for some coefficients β . After some algebraic manipulations, the coefficients β can 
Based on the above expression, G (i,i) kj, pp is equal to the p th coefficient of the N-point DFT of the signal g kj ( )
kj, pp can be computed efficiently using the FFT algorithm. Deploying this method, the number of complex multiplications needed for deriving the matrices involved in the ZF post-equalization is reduced to O K 2 N log 2 N . As a result, a substantial computational complexity reduction is achieved.
We now compare the computational cost of TR-MRC and TR-ZF for OFDM without CP with those of the conventional MRC and ZF in CP-OFDM. In Table I , we have presented the number of complex multiplications needed to perform the MRC and ZF methods in CP-OFDM. Here, following our earlier notation, Q represents the number of OFDM symbols. In Table I , for both cases of MRC and ZF, the first and second terms represent the complexity due to the time-to-frequency conversion using N-point FFT blocks and frequency-domain combining, respectively. In the case of ZF, the third and fourth terms are due to the calculation of the ZF combining matrices
. This needs to be calculated once for the transmitted packet consisting of Q symbols. Table II shows the number of complex multiplications needed to perform the TR combining and ZF postequalization using the procedures discussed in this section. More specifically, the first three terms in the case of TR combining are due to the implementation of (14) using fastconvolution as discussed above. Moreover, the fourth is arising from the calculation ofr TR k,i from r TR k,i using N-point FFT blocks. In the case of ZF post-equalization, the first two terms given in Table II account for the calculation of the equivalent channel responses g kj ( ) given in (15) using fast-convolution. 1 The third term, i.e., 1 2 K 2 N log 2 N, is arising from the calculation of the coefficients G (i,i) kj, pp according to (22) . The fourth term is due to the matrix inversion G G G (i,i) pp −1 . Finally, the last term accounts for the multiplication of the ZF equalization matrix to the input vector as in (21) . Fig. 2 compares the computational complexity of OFDM without CP with TR-MRC and TR-ZF techniques against CP-OFDM with MRC and ZF methods. Here, the following parameters are considered. N = 512,Ñ = 256, L = 40, and Q = 10. In Fig. 2(a) , we have fixed K = 10 and varied the value of M, whereas in Fig. 2(b) , M = 200 is fixed and the value of K is varied. As the figures show, while the complexity of MRC and TR-MRC are approximately the same, the TR-ZF receiver has a significantly lower computational cost compared to the ZF receiver. The reason for this is that the proposed ZF post-equalization takes place after multi-antenna combining; see Fig. 1 . Hence, the number of input signals to the ZF postequalizer is significantly reduced as compared to the case of conventional ZF equalizer.
VI. ANALYSIS OF SINR AND ACHIEVABLE RATE
In this section, we analyze the SINR performance of both TR-MRC and TR-ZF receivers. This SINR analysis will ultimately lead us to find a lower-bound for the achievable information rate of each equalization technique.
A. TR-MRC
According to (19) , the SINR of the TR-MRC receiver can be calculated as
where P Sig k, p = E G
kj, pq 2 , and P Noise k, p = E ν TR k,i ( p) 2 . Using the channel model introduced in Section II and after some straightforward calculations, the average noise power can be obtained as P Noise k, p = σ 2 ν . In the following, in order to simplify the above SINR expression, we aim to analyze the interference coefficients G
kj, pq , and G (i,i+1) kj, pq . By utilizing the Toeplitz structure of the matrices
, one can obtain these coefficients through the following expressions.
where f p is the p th column of the N-point DFT matrix, F N , and the vector g kj [g kj (−L + 1), . . . , g kj (L − 1)] T contains the samples of the TR channel impulse response g kj ( ). Also, the vectors a pq , b pq , and c pq are determined by
respectively, where ω q e − j 2π q N and L 2L −1 is the length of the vector g kj . We note that while the TR channel impulse response g kj has a random nature, the vectors a pq , b pq , and c pq are deterministic. Accordingly, in (24), we have separated the random and deterministic parts of the coefficients G (i,i−1) kj, pq , G (i,i) kj, pq , and G (i,i+1) kj, pq . This will help us to find their statistics. Following the definition of the time-reversal equivalent channel response g kj ( ) given in (15) , the mean of the complex random vector g kj can be obtained as
where δ L 0 1×(L−1) , 1, 0 1×(L−1) T , and δ kj is the Kronecker delta function. Moreover, the covariance matrix of g kj is calculated according to
where diag{ρ}. The elements in the vectorρ = [ρ(−L + 1), . . . ,ρ(L − 1)] T are obtained by convolving ρ( ) by its time-reversed version, i.e.,ρ(i ) = L−1 =0 ρ( )ρ( − i ). According to (24) , the SINR expression given in (23) can be written as
where Q Intf
g H kj p g kj includes the interference power due to the ICI, ISI, and MUI components, and Q Sig k, p g H kk B p g kk is the desired signal power. Here, B p = b pp b H pp and the matrices p , and p are defined according to
respectively. We note that Q Intf k, p is a summations of K quadratic terms in the complex random vectors g kj , j ∈ {0, . . . , K − 1}. Similarly, Q Sig k, p is quadratic in the complex random vector g kk .
Proposition 2: In the absence of CP and with TR-MRC equalization, the SINR can be calculated as
where λ
Proof: According to (26) and (27), the mean value of the quadratic term Q Sig k, p can be obtained as, E Q Sig k, p = M + tr B p , [29, p. 53 ], where we have used the fact that b pp L = 1. Similarly, by noting that a pq L = c pq L = 0 for any p and q, and b pq L = 0 for q = p, we can find the mean of the quadratic expression Q Intf k, p as E Q Intf k, p = tr p + (K − 1) tr p . To simplify this, we note that the diagonal elements of p are all equal to one. Accordingly, tr{
Hence, E Q Intf k, p = K − tr B p . The value of tr{ B p } can be obtained as follows. From (25) we can find the elements of the vector b pp according to
( ). This completes the proof.
Remark 1: The SINR gain of O(M) is achievable with TR-MRC and the SINR saturation problem is resolved.
It is worth mentioning that the parameter λ =
( ) is a positive constant that depends on the channel PDP. Moreover, using ρ( ) = 1, we can find that λ is always less than or equal to one, i.e., λ ≤ 1. When the channel length is much smaller than the symbol duration, i.e., L N, we have 1 − | | N 2 ≈ 1 for ∈ {−L + 1, · · · , L − 1}. This leads to λ ≈ 1. For a fixed channel PDP, as the symbol duration N becomes smaller, the value of λ decreases.
Using the result of the Proposition 2, a lower bound on the achievable information rate at the output of the TR-MRC equalizer can be obtained by considering the worst case uncorrelated additive noise. Assuming that terminals transmit Gaussian data symbols, it is proven in [30] that the worst case uncorrelated noise is circularly symmetric Gaussian with the same variance as the effective additive noise. Accordingly, a lower bound on the achievable rate in the case of TR-MRC can be obtained as
On the other hand, a lower bound on the achievable information rate of CP-OFDM transmission with MRC equalizer is given by, [6] , [31] ,
where the term N N+L represents the rate loss due to the CP overhead. In Section VII, we numerically evaluate the rate given in (32) and compare it against (33) as a benchmark.
Before we end our discussion in this section, we note that for large values of M and K , we have R TR-MRC
. This matches the achievable rate reported in [23] for the case of single-carrier transmission when TR-MRC is applied. This implies that when TR-MRC is utilized, and for large values of M and K , the same information rate can be achieved either by the OFDM without CP or the single-carrier transmission. SINR saturation in the case of conventional frequency-domain combiners. Here, K = 10 terminals are considered and the number of BS antennas is varied. The SNR level is chosen to be 10 dB. The saturation level is calculated using (12) . the achievable information rate of CP-OFDM transmission with ZF equalizer is given by, [6] , [31] ,
where the term N N+L represents the rate loss due to the CP overhead. We note that comparing (36) and (37) may not be fair as the former is derived using asymptotic analysis, and the latter is valid for finite values of M as well. Hence, for the purpose of comparison, we also consider the asymptotic version of (37) given by, [6] ,
In Section VII, we numerically evaluate the rate given in (36) and compare it against (38) as a benchmark.
VII. NUMERICAL RESULTS
In this section, we evaluate the analyses and discussions of the previous sections through numerical simulations. We consider the Extended Typical Urban (ETU) channel model as defined in the long term evolution (LTE) standard, [32] . We adopt the LTE air interface parameters to OFDM without CP. Specifically, the OFDM useful symbol duration of T = 66.7 μs, which translates to the subcarrier spacing of f = 15 kHz is considered. Note that when considering OFDM without CP transmission, the useful symbol duration is equal to the total symbol duration, and delay spread of the ETU model covers about 7% of the OFDM symbol duration. We choose the DFT size of N = 512, and 300 active subcarriers. This corresponds to the 5 MHz bandwidth scenario defined in the LTE standard.
We first evaluate the SINR performance of various methods discussed in this paper. In Fig. 3 , we have demonstrated the SINR saturation of the conventional frequency-domain combining methods, namely MRC, ZF, and MMSE. In this experiment, K = 10 active terminals are considered, and the noise level is chosen such that the average SNR at the input of the BS antennas is 10 dB. We show the average SINR values over different channel realizations with the power delay profile of the ETU channel model. The saturation level is calculated using (12) and is compared with the simulated SINR values. As we expect, in all three frequency-domain combining methods, SINR does not improve beyond a certain deterministic level. As mentioned in Section IV, this problem can be resolved by using the TR technique. Fig. 4 shows the SINR performance of TR-MRC and TR-ZF methods. Again, as expected, for both cases of TR-MRC and TR-ZF, SINR will grow unboundedly as the number of BS antennas grows. Moreover, since the proposed TR-ZF method significantly reduces the MUI level compared to the conventional TR-MRC technique, it yields to an improved SINR performance. In Fig. 4 , the SNR at the input of the BS antennas is 10 dB. Moreover, we have also shown the theoretical SINR values calculated according to (30) and (35) for the cases of TR-MRC and TR-ZF, respectively. As the number of BS antennas M grows large, the simulated SINR values coincide with the values derived using asymptotic analysis in Section VI.
We next conduct an experiment to evaluate the achievable information rate with and without including the CP overhead. Fig. 5(a) shows the theoretical achievable rate of OFDM without CP with TR-MRC and TR-ZF equalizers as well as that of CP-OFDM with MRC and ZF detectors. In the cases of OFDM without CP with TR-ZF and CP-OFDM with ZF equalizer, asymptotic rates given by (36) and (38), respectively, are considered. In this experiment, K = 10 terminals are considered and the noise level is chosen such that SNR at the input of the BS antennas is −10 dB. Fig. 5(b) shows the results for the case where K = 20 terminals are active. As shown in Figs. 5(a) and 5(b), with OFDM without CP and TR-MRC equalization, we can achieve a higher spectral efficiency as compared to in CP-OFDM with MRC equalizer. A similar argument applies for OFDM without CP with TR-ZF and CP-OFDM with ZF detector. Hence, as expected, by eliminating the CP overhead we can achieve a higher spectral efficiency compared with the conventional CP-OFDM systems. It should be noted that according to Figs. 5(a) and 5(b), for a fixed achievable rate performance, one can decrease the number of BS antennas (and hence the implementation cost) by removing the CP overhead. Per user achievable information rate with and without the CP overhead. Here, K = 10 terminals are considered and the SNR level is chosen to be −10 dB. Moreover, the TDL-A channel with the RMS delay spread of 1100 ns is assumed. In this channel model, the ratio L/N is approximately 15%.
In Fig. 6 , we compare the achievable rate performance of OFDM without CP and CP-OFDM for various levels of SNR. In this experiment, M = 100 BS antennas and K = 10 terminals are considered. As shown, for typical SNR levels, higher spectral efficiency can be achieved using OFDM without CP. On the other hand, in very low SNR regime, the noise level dominates the overall interference plus noise, and hence, similar rates can be achieved using OFDM with/without CP deploying various equalization methods. On the other hand, when the SNR level is high, the residual interference dominates the noise, hence the performance of OFDM without CP with TR-MRC/TR-ZF and CP-OFDM with MRC becomes saturated and does not improve with increasing the transmission power.
So far in this section, we considered the ETU channel model, which covers about 7% of the OFDM symbol duration of T = 66.7 μs. In the next experiment, we aim to show the advantage of the elimination of CP in channels with larger delay spreads. Accordingly, we consider the TDL-A channel PDP with the RMS (root mean square) delay spread of 1100 ns. This channel model has been recently proposed for the frequency spectrum above 6 GHz [33] , and covers about 15% of the OFDM symbol duration. Fig. 7 shows the achievable rate comparison of OFDM without CP and CP-OFDM considering the above channel model. Here, K = 10 terminals and the SNR level of SNR = −10 dB are considered. As shown, here due to a larger CP duration, the spectral efficiency is improved more considerably by eliminating the CP overhead.
VIII. CONCLUSION
It is known that in massive MIMO channels uncorrelated noise and multiuser interference vanish as the number of BS antennas grows large. Motivated by this, in this paper, we studied OFDM without CP under such channels to investigate if the channel distortions (i.e., ISI and ICI) average out in the large antenna regime. To this end, we mathematically analyzed the asymptotic SINR performance of the conventional frequency-domain combining methods, i.e., MRC, ZF, and MMSE. Our analysis revealed that in these cases, there always exists some residual interference even for an infinite number of BS antennas leading to the saturation of the SINR performance. To solve this saturation issue, we proposed to use the TR technique. Moreover, we introduced a ZF equalization to be incorporated after the TR combining to further reduce the multiuser interference. We mathematically analyzed the asymptotic achievable information rate of the proposed receiver design. We showed that by removing the CP overhead and using the proposed technique, a higher spectral efficiency is achievable as compared to the conventional CP-OFDM systems, while the computational complexity is also reduced.
APPENDIX PROOF OF THE RESULTS IN (11)
The elements of H where w(n) is the windowing function, which is considered to be a rectangular window, i.e., w(n) = 1, 0 n N − 1, 0, otherwise. . Accordingly, following (10), we have 
